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Abstract 

Using the generalized Pauli principle by adding particle labels to the usual 
space and spin labels a symmetric Hamiltonian and a corresponding anti- 
symmetric wavefunction is constructed for systems of three baryons in the 
strangeness sectors S = — 1 and —2. Applications are the 3NN — A AN and 
NNA — NNT, systems. Minimal sets of generalized coupled Faddeev equa- 
tions for breakup and rearrangement operators as well as (possible) bound 
states are derived which have the ordinary Pauli principle among identical 
particles built in. The equations found confirm our previous sets of coupled 
Faddeev equations for those systems whose derivation was carried through for 
distinguishable particles and not using the generalized Pauli principle. 
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I. INTRODUCTION 



In the three-baryon system SNN a strong transition occurs into YYN where Y is either 
a A or a S. The nucleon present in YYN can be either one contained in SNN. Clearly the 
SiViV part of the total wavefunction has to be antisymmetrical under exchange of the two 
nucleons. So the question arises how is that reflected in the second part of the wavefunction 
belonging to YYN. Similarly the second part has to be antisymmetrical under exchange 
of two identical hyperons and one has to ask how is that related to the first part of the 
wavefunction. There is also the possibility that YYN appears as AUN. Those questions 
(with the neglection of the S-admixture) have been answered in starting from a second 
quantisation picture of the system. The final aim in [jlj was to write down the set of coupled 
Faddeev equations with the smallest number of independent Faddeev amplitudes. The 
argumentation turned out to be rather involved and we would like to present a conceptually 
and algebraically simpler derivation of the same set of coupled equations. Since it is simpler 
we will now also include the possibility of a S-admixture. 

The 3d system has recently received attention J2| in that it might be a source of informa- 
tion on the AA scattering length after it has switched to the unbound AAA^ system. In that 
evaluation of those two coupled three-body systems the AGS equations || for distinguish- 
able particles have been used and the free initial and final states have been antisymmetrised 
separately. Since "clean" experimental information on hyperon-hyperon forces are still very 
rare due to the lack of hyperon beams and targets the proposals to extract information 
on YN and YY forces from final state interactions have great importance and therefore a 
clearly justified formalism is in order. 

Also under the present circumstances of having no direct access to YN scattering light 
hypernuclei play an equally important role, since they can be solved rigorously for baryon- 
baryon forces in all their complexities and thus provide an important test for those forces. 
First steps have been undertaken in [[| for the hypertriton and in || for ^He and ^H. 

With respect to investigations of final state interactions among hyperons and nucleons 
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the photon induced K + Y production on the deuteron has been evaluated recently again 
using modern YN forces which correctly bind the hypertriton. The corresponding electron 
induced process on the deuteron has been measured recently J7| and a first calculation 
appeared ||. Certainly more work, both experimentally and theoretically, will come up in 
the near future. 

In section II we describe the formalism of antisymmetrisation for particles of different 
types and apply it to the relatively simple two-baryon system. The more complex situation 
for three baryons with strangeness —1 and —2 and the derivation of coupled Faddeev equa- 
tions is worked out in section III. An application to various three-body breakup processes 
initiated by a H particle is described in section IV. Generalised AGS equations for elastic 
and rearrangement scattering are described in section V. We summarize in section VI. 

II. FORMALISM AND APPLICATION TO THE TWO-BARYON SYSTEM 

The SiV system can strongly convert into two identical baryons, AA or EE. Clearly the 
parts of the wavefunction describing AA or EE are antisymmetrical under exchange of the 
two particles, whereas for the part of the wavefunction describing SiV there is no symmetry 
requirement. Another possible appearance of that strangeness —2 system is AS with dis- 
tinguishable particles. In Jl] we used the formalism of second quantisation to derive three 
coupled equations for the coupled EN and AA systems, neglecting a possible E-admixture. 
One of the equations can be dropped at the expense of working with a non-symmetrical 
2x2 potential matrix. 

In the np system is has been known since the early days of nuclear physics that adding 
an isospin label to the particle or in other words extending the space of states by introducing 
isospin one can require that the wavefunction for the distinguishable particles n and p has to 
be antisymmetrical. The simple mechanism is that in isospin space there is a symmetrical 
and antisymmetrical basis which can be combined with the corresponding antisymmetrical 
and symmetrical wavefunction in ordinary and spin space. Therefore no restriction has been 
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introduced by requiring antisymmetry in the enlarged space. Connected to that antisym- 
metric wavefunction a symmetric Hamiltonian can be written down. This idea has been 
generalized also long time ago to SU(3) including strangeness on top of isospin.If the Hamil- 
tonian severely breaks SU(3) symmetry due to significantly different masses and symmetry 
breaking force parameters the use of irreducible representations of SU(3) appears not to be 
of much help and a formally simpler approach can be used. Again we think this is known 
and we display it again for two particles to lay the ground for the more complex three-baryon 
system,where we want to find the way to the smallest set of coupled Faddeev equations. 

Let us introduce states | a/3 > with particle labels a or (3 denoting nucleons or hyperons. 
Thus a = {N, A, E, H}. Note | a(3 > stands for | a >i | (3 >2 which means that particle 1 
is of the type a and 2 is of type (3. Thus the transposition P 12 yields P i2 | a(3 > = \ Pa >. 
The completeness relation in that particle space is obviously 

J2\a/3><al3\ = l (2.1) 

a/3 

Since strangeness is a good quantum number the sum is restricted to run only over 
physically allowed states. For S = —1 these are | NA >, | AN >, | NH >, and | UN >. For 
S = -2 one has | AA >, | SS >, | EN >, | NE >, | AS > and | SA >. Clearly the sum 
in Eq. ( [2.1|) is symmetrical under exchange of the two particles. Applying that sum onto 
the corresponding two-body Hamiltonian from both sides one creates a fully symmetrical 
Hamiltonian 

H = Y.\ a P >< a(3\H\a'(3' >< a'(3'\ 

a(3 a'/3' 

= £N3>(^ + ^ + »« + ^)<^l (2.2) 

a/3 a'P' 

Note that we allow for different masses m a without destroying the symmetry of the 
kinetic energy. In the configuration or momentum space representation including (possible) 



spin dependencies the potentials are denoted by V a p tCe r pi (12). In general these potential 
functions are not symmetrical. But they have the property 



Vp a ,p' a '(12) = V a p, a 'p'(21) (2.3) 

Transpositions applied to potential functions act on the arguments (momenta and spins) 
and thus one has 

Pi2V a p, a ,p,(12) = V a p, a ,p,(21)P 12 (2.4) 

They do not change the labels for the potential functions, which are just parameters of those 
functions. 

To that symmetrical Hamiltonian belongs obviously a fully antisymmetrical two-baryon 
wavef unction: 

>= J2 I a/3 >< a (3 \^ >= J2 I a P > ^ap (2.5) 

aP aP 

Like the potential functions the amplitudes ip a p live in spin and configuration or momen- 
tum space and corresponding representations will be denoted by -^0,^(12). For a ^ (3 one 
introduces two-particle states 



\x a a p >= > -\P<* >) (2.6) 



\x s a p >= ^(W(3 > +\(3a >) (2.7) 



with obvious symmetry properties. In addition there is the symmetrical state 

XL = \aa > (2.8) 
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Then the total state \1> can be written as 

|* >= | a a > VW + E -4(IXa/3 > +IXa/3 >)^a/3 (2-9) 
a a^/3 V 1 

Now we impose antisymmetry 

p l2 \m >= _|* > (2.10) 
which leads after some inspection to 

Pl2^aP = -1>0a (2.H) 

Note P12 in Eq. (2.10) acts on the particle labels of all states, while Pu in Eq. (2.11) acts 
only on those for momentum( configuration) and spin states. In other words Eq. (2.11) 
leads to 

Vv(21) = ~^a(12) (2.12) 
The antisymmetry of (2.9) is explicit if we keep (2.11) in mind and rewrite (2.9) as 

a a</3 



V2' 

+ E IXa/9 > "7^(^/3 + ^/3a) 
a</3 



1 



a</3 



+ EIX^> -4(1-^12)^/3 (2.13) 

a</3 V2 

Here we introduced a definite but arbitrary ordering of the particle labels. 
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Now projecting = E^> onto < 12 j < a(3 \ where < 12| stands for momenta and spin 
states, one obtains 

2 2 

(A- + P~ + ma + ™/3)<Ml2) + ^ V Q/W (12)Vv/5'(12) 

+ EW(12)iv(12) = ^(12) (2.14) 

a' 

Again introducing the arbitrary but fixed ordering into the different particle labels leads 

to 

(^- + ^- + m Q + m^(12)+ £ VX^(12)VV/3'(12) 

Z/Ti Q Alllf) a '</3' 

+ E^,«'«'(12)^w(12) = ^(12) (2.15) 

a' 

Using Eq. (2.11) we introduced for a' ^ (3 the "total" -potential leading from a(3 to a' f3' 
which is the sum of a "direct" potential and an "exchange" potential 



V$ a , p ,(12) = V Q/W (12) - W(12)Pi2 (2.16) 

The application of Eq. (2.15) to | a/3 >= {| A A >, | AS >} is obvious and will not be 
written down. For | a (3 >= {| EN >, | AA >, | SS >, | AS >} we obtain the set of four 
coupled equations 

2 2 

(t^+tt 2 - + m s + m N - £)V~iv(12) + ^,3^(12)^(12) 

(12)^ae(12) + VW,aa(12)^aa(12) + U HJV , SE (12)^ SE (12) = (2.17) 



2 2 

+ m A + m E - £0Va=(12) + 1^(12)^(12) 
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+^ae,h7v(12)#7v(12) + V AS , SE (12)^ SE (12) = (2.18) 

2 2 

4t K + 1 ht K + 2mA ~ E ^ AA ^ + ^aW(12)^(12) 

+V aa ,ee(12)Ve S (12) + ^aa,aa(12)^aa(12) = (2.19) 

2 2 

;-^+-^- + 2m E - £)fe(12) + ^£ SAr (12)^ 3JV (12) + ^ AS (12)^ AS (12) 

+^ S e,aa(12)^aa(12) + K EEiSE (12)^ EE (12) = (2.20) 



This set has to be solved under the condition that -0aa(12) and "0ee(12) are antisymmet- 
ric, which imposes conditions on the wavefunction components with two different particle 
species. In [1] we found three coupled equations regarding however only the coupled EN— A A 
system. Dropping in Eqs. (2.17-20) the E state we have now two equations. The second of 
the three equations (2.15) from [Q] has there been introduced in order to have a symmet- 
rical potential matrix. But it results simply from the first equation in that set (2.15) by 
permuting the two particles and using the property (2.13) in |l] which is also given here as 
Eq. (2.12). The remaining two equations in [1] are identical to Eq. (2.17) and Eq. (2.19). 
The interaction V~n in includes the exchange term according to its construction and is 
the same as 3 jy. As is seen from Eq. (2.13) the total \l/ contains both, symmetrical and 
antisymmetrical pieces, in the parts of the wavefunction referring to different particles. 

We would like to add that in [l|] unfortunately some errors sneaked in. After Eq. (2.3) 
it is said that the variables x or y include isospin quantum numbers, for instance. This is 
incorrect, x or y stand only for ordinary space and spin variables. Also the description of 
the examples following Eq. (2.22) is incorrectly given. 

III. THREE-BARYON SYSTEMS 

We start off by introducing three-particle states for total strangeness S = — 1 and S = —2 
systems. For instance in case of S = -1 they are | ANN >, | NAN >, | NNA >, | Y,NN >, 
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I NTjN > and | NNY, >, whereas for S = —2 one has 15 states composed of N, A, S and S 
species. A general state is denoted by | a (3 7 > where a, (3, 7 run over the different species. 
Of course the sets of states contain only physically allowed combinations which conserve 
charge, strangeness and isospin. The completeness relation in particle space reads 

|ar/?7 >< apj\ = 1 (3.1) 

and the fully symmetrised Hamiltonian is 

H=Ys WPl >< ap*i\H\otpi >< a'(3'i\ (3.2) 

The eigenstates ^ of H are then totally antisymmetrical. In what follows we derive 
coupled Faddeev equations. The total state ^ will first be decomposed into three Faddeev 
amplitudes, which due to the antisymmetry of ^ can be written as 

tf = (l + P)V> (3.3) 

Here if) is one of the three Faddeev amplitudes and P = P12P23 + -P13-P23 is the sum of 
a cyclical and an anticyclical permutation of three objects. If if> is antisymmetrical under 
exchange of two particles then ^/ given in Eq. (3.3) is fully antisymmetrical. That one 
Faddeev amplitude is based on one pair interaction contained in H, say between particles 2 
and 3, and is defined as 

if) = G V(23)* (3.4) 
where Go is the free three-baryon propagator. Consequently it obeys the equation 

if) = G V(23)ifj + G V(23)Pif) (3.5) 
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Since the symmetry condition for ip is a simple one, namely to be antisymmetrical under 
exchange of particles 2 and 3, we can simply introduce a complete set of particle states which 
are antisymmetrical and symmetrical under exchange of particles 2 and 3: 



|x^ T >=^(|a/?7>-|a 7 /3>) P±1 ( 3 - 6 ) 



|X^ 7 >= ^(|a/3 7 > +|« 7 /3 >) P^l (3.7) 



X* >= \a{3(3 > (3i 



The general form 



\ip >= J2 l«/ ? 7 >< >= E l«^7 > ^a/3 7 (3.9) 

a/3 7 <*/3i7 



can then be rewritten as 

|V> >= E IXa/9/3 > ^a/3/3 + E E -4dX a/ 3 7 > + IXa/3 7 >)^a/3 7 ( 3 - 10 ) 
a/3 a /3^7 V ^ 

Imposing antisymmetry under exchange of particles 2 and 3 leads to 

Pia&afa = -^a 7 /3 (3.11) 

and after some inspection to 

i> = E E IXa/37 > -^(1 + P23)1>ath + E E IXa/3 7 > "TjC 1 ~ ^2 3 )^a/3 7 

+ E IXa/3/3 > ^a/3/3 (3-12) 
a/3 
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The set of coupled equations for ipa^ is based on Eq. (3.5), which when projected reads 



^ 7 = Gf\< a/? 7 |y(23)|V> > + < a^\V(23)P\^j >) (3.13) 

Clearly the free propagators Gq 131 are diagonal and depend on the particle species entering 
through their masses. The order af3j corresponds of course to particles numbered 1,2 and 
3. The first matrix element on the right hand side of Eq. (3.13) is easily evaluated as 

< af3j\V\ip > 

= EW Wt'(23) < a&1\i> > +£*W(23) < > 

= E (^/37,/3'7'(23) — V r / 3 7i7 ' / 3'(23)P 23 )-?/'a/3'7' + E^T'W (23)VV/3' 
P'<Y p> 

= E C Y (23)iw+E^W'(23)iff 
P'<Y P' 

Note we used the property (3.11) and introduced the convenient notation 5g 7 = 1 — 5p y . 

In order to evaluate the second matrix element on the right hand side of Eq. (3.13) we 
need Pip. Using (3.9) one finds after a simple algebra 

< a(3-f\P\iP >= PuPnipfra + PxA^ap (3.15) 
This then leads easily to 

< aP^VPllP > = E % V (23){Pi 2 P23^' 7 'a + Pl3P23^YaP'} 

P'<1' 

+EW(23)(1 - P 23 )Pi 3j P23W (3-16) 
P' 

Here we used the property 

P 23 PiP = -PiP (3.17) 
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which is evident from Eq. (3.12). Put together we end up with the following set of coupled 
equations for the amplitudes ip a pj 



rl>afh = Gf\ £ V^, 7 ,(23)Vvv + £ W/?'(23)^ w 




+Gf^{ £ ^ y (23)(F 12 P 23 ^y« + PisP^fap) 



+ EW( 23 )(! " ^23)^13^23^'^'} 



(3.18) 



We cast it into the following matrix form 



^ = GoVtp + G VR 



(3.19) 



where Go is diagonal and contains the various free propagators Gq . The matrix V is com- 
posed of all non vanishing diagonal and transition potentials and R of the ^ Q/ 3 7 amplitudes 
with permutation operators in front. Thus the two first terms on the right hand side of Eq. 
(3.18) define V and all the rest R. In a standard manner one can sum up V to infinite order 
leading to 



If one regards a scattering process initiated by some particle hitting a two-baryon bound 
state then the driving term -0° contains a nonzero entry in the corresponding row. For a 
bound system ip° is absent. 

As a first example let us regard the strangeness —1 system consisting of the N, A and S 



(3.20) 



where t obeys the matrix Lippmann-Schwinger equation 



t = V + VG t 



(3.21) 
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particles. Let us group the channels in the following manner: ANN, Y>NN, NAN, NUN. 
Then the matrix V has the form 



V = 



v NN 
o v NN 













V 



n n T/tot ytot 

u u ^AA r ,AA r V AN,T.N 

u u V ZN,AN HN,HN ) 



(3.22) 



Consequently the Lippman-Schwinger equation (3.21) will decay into two uncoupled equa- 
tions (Y = A and £) 



YNN.Y 



NN — VNN + NnnGq L nn 



(3.23) 



and one set of two coupled equations 



t = 



^ \ftot T/tot 

V AN,AN V AN,SN 

\ftot \rtot 

V Y:N,AN V EN,EN 



+ 



■if tot if tot 

V AN,AN V AN,EN 

\ftot \ftot 

V EN,AN V EN,Y:N 



qNAN 



G™ N 



(3.24) 



We thus end up with the following four coupled Faddeev equations 



IpANN = lfj% + G% NN th N (l - P 2 ^)PlAt 



NAN 



(3.25) 



IpENN — Ip^d + GQ NN t NN (l — P23)Pl3P23 1 pNY:N 



(3.26) 



Wnan 



1>. 



NT,N 



r<NAN 



V 



G»* N 



—Pu^nan + P12P231PANN 

y —Pni^NUN + Pl2P23^T,NN j 



(3.27) 



The driving terms in Eqs.(3.25) and (3.26) occur if we regard Ad or £0? scattering. Of course 
only the one or the other will be nonzero. 
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It is an easy exercise using appropriate permutations to verify that the homogeneous set 
corresponding to Eqs. (3.25)-(3.27) is identical to the set solved numerically in [[|. The total 
hypertriton state \I> is then given by (3.3). This can be projected into the various particle 
species. 

The case of strangeness S = —2 is more complex. We use the following arbitrary but 
fixed grouping of particle states: ENN, NEN, NAE, NAA, NEE, ANA, ANE, EN A and 
ENE. Note the remaining six groupings can be related to the nine given ones with the help 
of Eq. (3.11). Then we can read off from Eq.(3.18) a 9 x 9 potential matrix. For the sake 
of an easier notation we drop the E particle and find 



/ 



V 



V NN 

VsN,SN VzN,AA 

Vftgtf V AA 



V 















\ 



\7~tot 

V NA,NA 



(3.28) 



Again the matrix Lippman-Schwinger equation for t decays in a corresponding manner 
and we find the following four coupled Faddeev equations. 



NN 



d + %jv(l — P23)Pl3P23' l pNE 



N 



(3.29) 



NAA 



r<N=.N 



\ ( 

t 



y^NAA 
Lr 



Pl2P23' l l ) -EN N — Pizi'N'EN 
(1 — P23)Pl3P23'<pANA 



(3.30) 



ANA 



G£ NA t NA (P 12 P 2 ^ NAA - P 131 Jj_ 



ANA 



(3.31) 



These four equations are identical to the ones presented in [p] . In order to demonstrate that 
identity it is again necessary to apply appropriate permutations. This is left to the reader. 
For later use it is helpful to write that set (3.29)-(3.31) explicitly into the form (3.20). One 
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easily finds 



1 1 ^ 

WSNN 
^pNSN 
TpNAA 



fed 




\ / 



+ 



( Q~NN 









QN'EN 













r<NAA 









Gq NA 



t NN 

t~.N,~.N t~.N,AA 

^AA,HAf ^AA,AA 

tjvA.AfA j 



(3.32) 






(1 — -^23)^13-^23 








P12P23 



















(1 — -^23)^13-^23 








-P12-P23 


-Pis 



\ 



J 



1 1 ^ 

i>NAA 
I^ANA 



This identifies explicitly the term ti? as tPif), where the matrix of permutation operators P 
can be read off from Eq. (3.32). Then Eq.(3.20) can be expressed as 



1 p = + G tPip 



(3.33) 



In case of a bound three-body system the driving term fed, which is a product of a 
momentum eigenstate for the S particle and the deuteron state, is of course absent. It is 
not yet known for sure whether that interesting system fluctuating between SNN, AAN, 
AEiV and EEiV and which is described by a set of nine coupled Faddeev equations is bound 
or exists at least as a resonance. 
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IV. BREAKUP PROCESSES IN ED SCATTERING 



In it was proposed that the process Ed — > AAA might be a source of information 
for the AA scattering length. If the AA system has a virtual state close to zero relative 
energy one has to expect an enhancement in the breakup configuration, when the two A's 
leave with equal laboratory momenta. In it was found in a numerical study using model 
forces that a destructive interference between different production amplitudes diminishes 
that enhancement. The strength of that suppression turned out to be linked to the A A — 
HA coupling and is therefore of great theoretical interest. As already touched upon in 
the introduction the formalism in || is based on the AGS equations for distinguishable 
particles and antisymmetrisation is attached through the antisymmetrised asymptotic initial 
and final channel states. Obviously it is desirable to have a straightforward derivation of 
the appropriate scattering formalism. This is achieved in the form of the coupled set of 
Faddeev equations (3.29)-(3.31) for the four independent Faddeev amplitudes. (In case of 
an additional S-admixture one has nine independent amplitudes.) They describe the elastic 
process 



S + d -> S + d 



(4.1) 



and the various breakup processes 



E + d 



E + N + N 
A + A + N 
A + A + E 
A + E + E 



(4.2) 



It is a standard procedure |p|-|T2| to extract the various partial breakup amplitudes from 
each individual kernel part of the set (3.29)-(3.31) or in general matrix notation from the 
kernel of (3.20). One regards the asymptotic behavior in configuration space and finds the 
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partial breakup amplitudes to be 



Since R = Pip and 



one arrives at 



f = tR (4.3) 



4> = ip° + G f (4.4) 



f = tPiP + tPG f (4.5) 

which is a closed set of equations for all partial breakup amplitudes. Again for the sake of a 
simple notation we regard the set (3.29)-(3.31) combined in Eq.(3.32) without S and easily 
find that Eq. (4.5) takes the explicit form: 
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/ rp \ 

Tnsn 



( 





fejV,3JV P\2 -^23 <fed 





+ 



^(1-^23)^23 

feA r ,HAf-Pl2-P23 —tsN,ENPl3 ^HAT,Aa(1 ~ -^23)^13-^23 

^AA,HAf-Pl2-P23 ~ *AA,3JV-fl3 ^AA,Aa(1 ~ -P23)-Pl3-P23 

%A,AfA-Pl2-P23 —tNA,N\Pl3 



(4.6) 



^ Gf™ 









\ 



V 








Gq aa 







Gq na 



( T \ 

-l-ENN 

Tnsn 
Tnaa 
y Tajva y 



The full breakup amplitudes result from projecting the full wavefunction given in Eq. 
(3.3) onto the various breakup configurations. Using (3.15) one finds for instance 



< ZNN\V >=< ENN\(1 + P)\ip >= ^saw + (1 - P23)PnP23il>N~ 



N 



(4.7) 



Consequently the full breakup amplitude into the channel ENN is 



^3 AW — TsNN + (1 — -P23)-Pl3-P23^JV3AT 



(4.8) 



Similarly we get for the breakup process into ANA 



Uana — (1 ~~ Pi3)Tana + P12P23TNAA 



(4.9) 



Note both amplitudes have the appropriate antisymmetry for NN and AA, respectively 
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as guaranteed by the properties P23TSNN = —T^nn and P23TJVAA = — Tjvaa- All further 
projections lead to no new breakup amplitudes. If we would have projected for instance 
in case that in addition the £ is included for the AEiV breakup the resulting amplitude 
< ASiV I * > is connected to < ATAE | * > by P23P13 < AY,N | ^ >=< A^AS | ^ > which 
tells that only the particles have been numbered differently. 

Since after all those YN and YY forces are weaker than the A^ A" force it is not unrea- 
sonable to look into a multiple scattering series expansion of the set (4.5). It might even 
converge if in the future it will turn out that there is no strangeness —2 three-baryon bound 
state nor even a low lying three-body resonance. The multiple scattering series results by 
iterating the set (4.6). In lowest and next to lowest order in the t-operators one gets 

T NSN = -t SN , SN (23)P 12 (f )sd + t SN>SN (23)P 13 G% SN t SN ~ N {23)P 12 <f> Sd (4.10) 

T N AA = -tAA,HJv(23)Pi20H(2 + t A A ,SN (^P^Gq^ t SN: EN (23)Pi 2 S d (4-H) 

T ANA = -t n a,n a{23) P^G^Hk^n {23) P^fed (4.12) 

T SNN = t NN (23)(l - P 2 3)Pi2G^ N t~ N ,~ N (23)Pi2<Pzd (4-13) 

Using Eqs. (4.8) and (4.9) we arrive at the two breakup amplitudes to second order in the 
t-matrices: 

U i.NN = few, hat (12) <j)~ d + i»Ar,SAr(13) fed 

+ t SN , SN (12) G* NN t EN , SN (13) fe d + t BN , EN (13) G* NN t BN , SN (12) fe d 

+ t NN (23) G* NN t SN;SN (13) fe d + t NN (23) G~ NN t EN , EN (l2) fe d (4.14) 
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Uana = £aa,hat(13) <psd 

+ *ATA,JVa(23) G ? Q 7VA tAA,HAr(13) (fed + £/VA, ATa(21) Gg iVA ^AA,S7v(13) 0=d 

+ *AA,HAr(13) Gq NN tsN, HAT (12) Hd (4.15) 

In arriving at Eq. (4.15) we used 

P 2 3tAA,HAr(23) = -t AA = N {23) (4.16) 

which is direct consequence of the definition (2.16) of V^ a ,g, and the corresponding 
Lippmann-Schwinger equation (see Appendix). The antisymmetry of Ui NN in the two nu- 
cleons, P2sU^ NN = —U^ NN , can easily be seen to be guaranteed by the antisymmetry of 
the deuteron state. In case of U ANA the antisymmetry PisU ANA = —U ANA is due to the 
property (4.16). We exhibit the content of Eqs. (4.14) and (4.15) graphically in Figs. 1 and 
2. With the techniques available nowadays (see for instance ) it is feasible to evaluate 
these processes reliably using modern forces. 

V. ELASTIC ED SCATTERING-GENERALIZED AGS EQUATIONS 

The two sets of four coupled Faddeev equations (3.25-3.27) and (3.29)-(3.31) or more 
generally (3.33) also define the asymptotic behavior in bound state channels. As known up 
to now there is only one baryon-baryon bound state, the deuteron. Using the well known 
relation 

{E - H )-H NN = {E-H - Vnn^Vnn (5.1) 



one can extract easily the asymptotic behavior in configuration space in the deuteron channel 
| T2|| . For instance the elastic amplitude in Ed scattering extracted from Eq. (3.29) is 
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Usd =< (p' 3d \V NN (23)(l - P 23 )Pl 3 P 23 \lp N HN > 



(5.2) 



where the prime on the channel state (p' Ed indicates that the momentum of the outgoing 
H-particle is independent of the momentum of the incoming H-particle. Inserting the right 
hand side of the Faddeev equation from Eq. (3.30) for iPnsn and using the definition of 
Tnsn as expressed in Eq. (4.4) one finds 



Uz d =< <p' Ed \V NN (23)(l - P 23 )Pi 3 P 23 G» aN T NSN > 



(5.3) 



Thus the elastic amplitude can be determined by quadrature from the partial breakup am- 
plitude T NSN . 

Though for practical calculations working with general forces the Faddeev equation for 



the T"s are most appropriate [O it is interesting from a formal point of view to derive 
Faddeev equations for transition operators describing elastic and rearrangement scattering. 
Using forces of finite rank they are also a good starting point. 
In the case of the outgoing Ed channel we extracted a state 



Usdsd = V NN (23)(1 - P 23 )P 13 P 23 tJj 



NSN 



(5.4) 



which under action from the left by < </4 d | gives the elastic transition amplitude (see 
Eq. (5.2). In the elastic amplitude on the energy shell we apparently can replace Vnn by 
( G *NNyi = ( E _ h* nn ). Let us therefore define 



U SdBd = (G^y^l - P 23 )P 13 P 2 3<iPn~n 



(5.5) 



Analogously we define 



UNE.N,~.d 
UNAA,Zd 



^ ( Pl 2 P 23 1p~NN — Pl^NSN ^ 



(^0 



iVAA\-l 



;i - p 23 )p 13 p 23 i> 



ANA 



(5.6) 
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(5.7) 



These definitions together with the coupled set (3.29)-(3.31) will lead to a closed set of 
equations for the four quantities U . It is advisable to write the four defining equations 
(5.5)-(5.7) into a matrix form 



U = 



1 II ^ 

<J=.d,Bd 
UNEN,~.d 
UNAA,Ed 
UANA,=.d 



( 



(Gq 



r.NN\-l 









(G 





NE.N^-1 









iVAA\ — 1 



(Gq ) 









(G^)- 1 






(1 — -P23)-Pl3-P23 





-P12-P23 


-Pl3 




















P12P23 






,1 — -^23)^13-^23 
~Pl3 



' 1 \ 

Venn 

i>N~N 
1pN AA 
y IpANA J 



(5.8) 



= G?P1> 



We recover the matrix P of permutations already occurring in Eq. (3.32) and in the coupled 
set (3.33). 

Generally spoken that matrix Faddeev equation (3.33) is a special case of Eq. (3.20) 
where 



R = Pi(j 



(5.9) 



contains now a general matrix P of permutations (see below). Now we can proceed and 
insert tp from (3.20) together with (5.9) back into (5.8) and find 



U = G^P^ + G tPij) = G 'Pij° + G 'PG tG U 



r 1 pv,o 1 n-i . 



(5.10) 
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It remains to demonstrate that 



G l P = PG, 1 



(5.11) 



and thus 



G^PG = P 



(5.12) 



Written out explicitely we have 



PG L = 



( (l~P23)Pl 3 P23(E-H^ N ) 



V 






(1 - P2s)PnP23{E - H$ NA ] 
Pi 2 P23(E - ff,f AA ) -P 1S (E-H ANA ) ) 



(5.13) 



Let us regard two examples 



(I- P 23 )P 13 P 23 H^ N (123) 



1 - P 23 )H^ N (312) P 13 P, 
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[1-P 23 )H^ NN (123)P 13 P, 



23 



= H~ NN (123)(1-P 23 )P 13 P, 



23 



(5.14) 



P 12 P 23 H* NN (123) = H^ 1 \231)P 12 P 23 = H^(123)P 12 P, 



T BNN 



NEN, 



23 



(5.15) 



Corresponding relations are true in all cases and we find (5.12) to be valid. Thus we end up 
with the coupled matrix Faddeev equation 



U = PGjj-V + PtG U 



(5.16) 
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For the case of the coupled ENN — AAN system they read in explicit form 

U^dEd = (1 — -f > 23)-fl3-f > 23(^HAr, EnGq" N U]Sf~,N,Ed + t&N, AA^O^^^ATAA^d) (5-17) 



U N SN,~d - P\2P22,{Gq NN ) 1 4>Ed 

+-Pl2-P23^ATAfGQ U^dSd — Pl3(tEN,ENGo~ U^EN,Ed + ^EN, AaGq f^ATAA,Hd) 



U]SfAA,Ed — (1 P23) Pl3P23^NA, NaGq U\NA,Ed (5.19) 
UANA,Ed = Pl2P23(tAA,ENGQ^ N UNZN,Ed + ^ AA, AaGq^^U NAA,Ed) ~ P^NA, NaGq ^C^AATA.Sd 

(5.20) 

This is a generalized set of Alt-Grassberger-Sandhas (AGS) equations for that specific 
system. Obviously a corresponding set can be written down for the coupled ANN — T>NN 
system based on the four Faddeev equations (3.25-3.27). 

The matrix equation (5.16) (generalized AGS equations) is generally valid. The proof is 
quite simple. In the set (3.19) the part including permutations is by definition 

< ap-y\G VP\iJ; >= E E G ^ < ^\V\ol0^' >< a'p'j'\P\a"p"Y > VV'/^y 

a'P'Y a"/3"Y' 

(5.21) 

This defines the general matrix for the permutation operators. Now GqP contains the matrix 
element 

Gf 1 < OL^\P\olp'i >=< a^\G Q P\a'ffi > (5.22) 
The operator G = (E — Hq)" 1 occurring in Eqs. (3.4-3.5) is however fully symmetrical. 
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Thus GqP = PGq and the relation (5.12) follows. 

Finally we note that due to (5.8) and (4.4) the matrix U of elastic and rearrangement 
quantities is related to the matrix T composed of partial breakup amplitudes via 

U = PGq V° + PT (5.23) 

and can therefore be determined by quadrature once T is evaluated from Eq. (4.5). We 
remark that in the 3N system ( three identical particles) all those matrix relations reduce 
to the well known single equations JTT|| : 

U = PGq V° + PT (5.24) 
T = tPi)° + tPG T (5.25) 

U = PGq V° + PtG U (5.26) 

In that form they have been solved rigorously (in a numerical sense) for modern nuclear 
forces. 

VI. SUMMARY 

A symmetric Hamiltonian for distinguishable particles with different masses and non- 
symmetric interactions has been constructed using the generalized Pauli principle based 
on particle labels added to the usual ones for space (momentum) coordinates and spin. 
This has been exemplified in two-body systems and then applied to three-baryon systems. 
Specifically we had in mind the strangeness S — — 1 and —2 systems. We derived minimal 
sets of coupled Faddeev equations for bound states, for breakup operators and rearrangement 
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operators (generalized AGS equations). In the case of the coupled ANN — Y,NN system we 
arrive at four Faddeev equations. Dropping a possible S-admixture the system SNN — AAN 
is also described by four Faddeev equations. Allowing for a E-admixture one would have 
nine equations. An application of such a set of equations already appeared in case of \H in 
||. An investigation of the S = — 2 system is planned. 
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Appendix: The property (4.16) 

Starting from the Lippman-Schwinger equation 



N, EN t~.N,AA 



\ 



+ 



) 



t\A,SN ^AA,AA 
^ Vsn, EN Vhat, AA 



AT, EN ^ HA, AA 



V AA.EN V\A,AA 



AA, SJV 
\ I Q^NN 



v aa\en ^aa. 



AA 



tHA.HA t^N,AA 



r<AAN 



^ tAA, EN t\A, AA j 



(1) 



one finds 



+ _ J /-tot i i/tot s~iENN i , t/ y^iAAN + 

tAA, HAT — ^AA, SAT + ^AA, HAT r HA, HA + ^AA, AA <^o J AA, H 



A 



(2) 



Here we number the interacting particles as 1 and 2. Applying P 12 yields 



-Pl2 *AA, HA - -Pl2 V^ a * SAT + Pl2 V AA, EN Gq NN t E N, EN 



+ P\2 VAA, AA Gq AN t\A : EN 



— _ ^AA, HA ~ K AA, HA" ^0 r HAf, EN + ^AA, AA <^o ^12 ^AA, H 



AAA" ■ 



A 



(3) 



We used the definition (2.16) and the obvious symmetry of V^,aaGq AN under exchange 
of particles 1 and 2. It follows 



P\2 tAA, EN - - ( 1 - VaA, AA G AAN ) 1 ( V^ A * HJV + EN Gq NN t=A, Ha) 



rtot syENN . 



^AA, HA" 



(4) 



which is claimed in (4.16). 
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FIGURES 




FIG. 1. The 3NN breakup process of Eq. (4.14) up to second order in the f-matrices. The 
hatched half circle denotes the incoming deuteron. 
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FIG. 2. The ANA breakup process of Eq. (4.15) up to second order in the t-matrices. 
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